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Abstract. Over the last years the Asymptotic Safety program has matured into
a serious candidate for a quantum theory of gravity compatible with observations.
The rapid technical progress in computing renormalisation group flows for gravity
and gravity-matter systems in the non-perturbative regime has put many interesting
physical questions within reach. In particular, the construction of the non-perturbative
quantum corrections to the propagation of fields on a fluctuating spacetime allows
addressing the effective propagation of matter on a quantum spacetime or the possible
resolution of spacetime singularities based on first principle computations. In this
article, we assemble a technical toolbox for carrying out investigations on this promising
research frontier. As a specific example we present results for the momentum-
dependent two-point function for a scalar field induced by the quantum fluctuations
of the underlying geometry in a self-consistent way.
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1. Introduction
Relativistic quantum field theories have provided some of the most accurate predictions
for physics experiments to date. In particular, the Standard Model of particle physics,
underlying the data analysis at the Large Hadron Collider, provides a remarkably
accurate account on how nature works up to energy scales of approximately 10 TeV.
A rather intriguing prediction arising from the quantum field theory framework is that
couplings, describing the strength of interactions between fundamental particles, depend
on the energy of the process. They are promoted to scale-dependent or “running”
quantities. A prototypical example for this behaviour is provided by the fine-structure
constant α, whose value at vanishing momentum is approximately α = 1/137, while at
the mass of the Z-boson it has already increased to α = 1/128 [1].
A conceptual deficit of the Standard Model of particle physics is that gravitational
interactions are not included. In fact, applying the perturbative quantisation techniques
featuring in particle physics to Einstein’s theory of General Relativity results in a
quantum field theory which is perturbatively non-renormalisable. The negative mass
dimension of Newton’s coupling introduces new divergences at every loop order [2]. Since
each divergence requires introducing a new, undetermined parameter, this essentially
turns gravity into an effective field theory where the Einstein-Hilbert action provides
the leading terms in the low-energy description. Owed to the exploding number of free
parameters linked to physics at the Planck scale, combined with the notorious difficulties
to measure them experimentally [3, 4], this framework is unsatisfactory when trying to
address questions related to the structure of spacetime at Planckian resolution, the
propagation of particles in regimes where fluctuations of spacetime cannot be neglected,
or the fate of classical spacetime singularities within the quantum theory.
The Asymptotic Safety mechanism [5,6] may improve this situation by providing a
consistent and predictive theory of quantum gravity within the arena of relativistic
quantum field theories. The underlying key idea, reviewed in e.g. [7–11], is that
gravitational interactions at trans-Planckian energies are controlled by a non-Gaussian
renormalisation group fixed point (NGFP). At such a fixed point all dimensionless
couplings remain finite, thereby removing the unphysical divergences appearing in
physical processes. Moreover, the condition that the fixed point controls physics
in the trans-Planckian regime places constraints on the free parameters appearing
in the effective field theory approach. This enhanced predictive power may provide
interesting predictions for the propagation of particles in a fluctuating spacetime, the
physics related to event horizons, or the fate of spacetime singularities based on first
principles computations. Quite remarkably, the asymptotic safety mechanism may also
be operative when gravity is supplemented by suitable sets of matter fields [12], which
ultimately may provide a framework for unifying all fundamental forces.
The primary tool for investigating the existence and properties of suitable NGFPs
in gravity and gravity-matter systems is the functional renormalisation group (FRG),
foremost the Wetterich equation [13] for the effective average action Γk. In this approach,
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one typically identifies projections of a fixed point by computing the RG flow on a
subspace of all possible action functionals. This entails that the “fundamental action”
associated with the theory is not known a priori but needs to be constructed from the
fixed point data [14–16]. Moreover, one has to check that a candidate NGFP meets
general expectations concerning, e.g., the stability of the vacuum, degrees of freedom
associated with the gravitational theory, or unitarity requirements. By now many
of these questions have been investigated by studying projections of the NGFP onto
spaces spanned by a finite number of interaction monomials. Typically, the interactions
included in the projection subspace are selected based on power-counting arguments
and computational feasibility. A prototypical example is provided by the polynomial
expansion of f(R)-gravity [17–25], where R is the Ricci scalar, or expansion schemes
where all terms up to a certain number of spacetime-derivatives are retained in Γk
(derivative expansion) [26–30].
It is clear, however, that these projection schemes are unreliable when addressing
questions related to the propagation of fields and degrees of freedom supported by the
NGFP. Performing a derivative expansion of terms contributing to the propagators and
truncating the expansion at a finite order will almost certainly lead to results that are in
conflict with Ostrogradski stability [31,32]. Finding reliable answers to these questions
then requires tracing the renormalisation group flow of functions, the so-called form
factors, which besides a dependence on the coarse-graining scale k also depend on the
momenta of the fluctuation fields. For gravity, the relevant terms are
ΓCk =
1
16piGk
∫
d4x
√
g CµνρσW
C
k (∆)C
µνρσ , (1)
ΓRk =
1
16piGk
∫
d4x
√
g RWRk (∆)R , (2)
where Cµνρσ denotes the Weyl tensor, see (A.5), and ∆ ≡ −gµνDµDν is the Laplacian
constructed from the metric gµν . When expanded around a (Euclidean) flat space
background the form factors WCk (∆) and W
R
k (∆) provide non-trivial contributions to the
propagators of the transverse-traceless and trace-part of the gravitational fluctuations.
Moreover, the form factors WCk (∆) and W
R
k (∆) together with their generalizations
related to terms containing more than two powers of the curvature tensors encode the
momentum dependence of the “running coupling constants” at the level of the effective
action Γk=0. Owed to their prominent role, e.g., in establishing the quantum propagators
of the theory, knowing the form factors will be essential for understanding the spacetime
structure entailed by Asymptotic Safety.
A first step in this direction was taken in [33], where it was shown that the non-
trivial momentum dependence of the diagrams entering the flow equation (cf. figure 2)
generates a non-trivial momentum dependence of the form factors, even if one starts
from quantising the Einstein-Hilbert action in a flat space background. The resulting
induced form factors show that non-perturbative effects play an important role in the
momentum dependence of the graviton propagator. In a related study [34], but in
a curved background, one of the form factors has been calculated in a self-consistent
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way for the first time with the help of the non-local heat kernel [35]. In [36, 37], also
the three- and four-point function were resolved, giving some information on these and
higher-order form factors.
The goal of this compendium is to discuss the computation of momentum-dependent
form factors from first principles in a self-consistent way. At the technical level, this
comprises three pillars. Firstly, we provide a collection of analytic identities which allows
to expand terms of the form (1) and (2) in powers of the fluctuation fields without making
approximations on the momentum dependence of the resulting interaction vertices.
Secondly, we construct a prototypical example of a non-linear integro-differential
equations capturing the scale- and momentum-dependence of the form factors. Thirdly,
we introduce a set of numerical techniques for finding non-perturbative approximate
solutions to these equations using pseudo-spectral methods [38]. We expect that this
well-stocked toolbox will be a solid foundation for computing the momentum-dependent
propagators and vertices in Asymptotic Safety in the upcoming years.
The rest of the work is organised as follows. Section 2.1 introduces the Wetterich
equation and its essential properties while section 2.2 introduces two commonly used
projection strategies for organising approximate solutions to the flow equation. The form
factors determining the propagation of graviton and matter fluctuations are discussed in
section 3. This includes a detailed discussion of split-symmetry restoration in section 3.2.
Section 4 contains the derivation of the integro-differential equation governing the scale-
dependence of the form factor for scalar matter fields introduced in (21). The result
(92) serves as a prototypical example exhibiting all the structures expected for the flow
equations in the other gravity-matter sectors. The properties and fixed function solution
of the equation is then constructed in section 4.3 and we comment on the properties of
the solution in the conclusion, section 5. Our notation and conventions are gathered in
Appendix A. Technical details are provided in Appendix B and Appendix C, while the
rather lengthy computation related to the scalar-graviton four-point vertex has been
relegated to Appendix D. Two Mathematica notebooks illustrating the derivation of
the flow equation (flowequation.nb) and the construction of the numerical solution
(fpsolver.nb) are provided as supplementary material.
2. The Functional Renormalisation Group Equation
We start by introducing the main tool for investigating Asymptotic Safety, the functional
renormalisation group equation (FRGE), governing the scale-dependence of the effective
average action Γk. Upon highlighting some structural properties of the flow equation,
we discuss the two main approaches towards constructing non-perturbative approximate
solutions of this equation. Our main focus will be on the form factors describing the
propagation of fluctuation fields in the gravitational and matter sectors.
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2.1. The Wetterich equation
The primary technical tool for investigating the existence and properties of
renormalisation group fixed points suitable for Asymptotic Safety is the Wetterich
equation for the effective average action Γk [13],
∂tΓk =
1
2
Tr
[(
Γ
(2)
k +Rk
)−1
∂tRk
]
, (3)
adapted to gravity first in [39]. Here t ≡ log k is the RG time, Γ(2)k denotes the second
functional derivative of Γk with respect to the fluctuation fields, and Tr contains a sum
over all fields and indices as well as a functional trace. The operator Rk provides an
infrared regularisation of modes with momenta p2 . k2. The factor ∂tRk provides an
ultraviolet (UV) regularisation, essentially ensuring that the high-energy modes with
p2 & k2 do not contribute to the trace. As a result, the change of Γk is driven by
integrating out quantum fluctuations with momenta p ' [k − δk, k], thereby realising
Wilson’s idea of renormalisation. The FRGE (3) can be derived on rather generic
grounds. Any “theory space” T , specified by fixing the field content entering into
Γk together with the underlying symmetries, will support a flow equation of the form
(3). The high degree of flexibility then allows to investigate gravity and gravity-matter
systems within the same technical framework.
Solutions of the FRGE, so-called RG trajectories, describe the same physical
system at different coarse-graining scales k. They interpolate between the initial
condition Γk=ΛUV = S imposed at the UV-scale ΛUV and the effective action Γk=0 = Γ
generating the one-particle irreducible correlation functions of the full quantum theory,
see [9, 11, 40–44] for reviews. Notably, it is not necessary to introduce a “fundamental
action” a priori. Suitable renormalisation group fixed points appear as properties of the
renormalisation group flow and can often be seen in already simple approximations.
A central advantage of the FRGE is that the functional nature of the equation
allows to construct approximate (projected) solutions of the formally exact equation
without the need to expand in a small coupling constant. The construction starts by
introducing a set of interaction monomials {Oi} spanning a basis on T . By definition
the Oi are constructed from the field content and obey the symmetries of the underlying
theory space. Typical examples built from the spacetime metric gµν are the interaction
monomials of the Einstein-Hilbert action (including a cosmological constant term),
OΛ =
∫
ddx
√
g , OR =
∫
ddx
√
gR . (4)
Here R is the Ricci scalar constructed from gµν . The effective average action can then
be expanded in this basis,
Γk =
∑
i
u¯i(k)Oi , (5)
where the expansion coefficients are given by scale-dependent couplings. Substituting
the expansion (5) into the FRGE (3) and equating the coefficients multiplying the basis
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elements Oi yields the beta functions
∂tu¯i(k) = β¯i({u¯i}, k) , (6)
capturing the scale dependence of the expansion coefficients. The explicit k-dependence
can be removed by introducing dimensionless coupling constants
ui ≡ k−di u¯i , (7)
where di is the mass dimension of the dimensionful coupling u¯i. Rewriting (6) in terms
of the dimensionless couplings yields the dimensionless beta functions
∂tui(k) = βi(u1, u2, u3, · · ·) . (8)
The βi constitute an autonomous vector field on theory space T whose integral curves
connect the same physics at different scales. RG fixed points then correspond to points
{u∗i } where all beta functions vanish simultaneously,
βi(u
∗
1, u
∗
2, u
∗
3, · · ·) = 0 , ∀i . (9)
In a practical computation, the expansion (5) is typically truncated to a finite
subset of the Oi, i = 1, · · · , N . The general procedure then results in a coupled set of N
non-linear ordinary differential equations (ODEs) which can be integrated numerically.
The search for fixed points reduces the system to finding the roots of a set of algebraic
equations. Once a fixed point is identified, the RG flow in its vicinity can be studied by
linearising the beta functions around u∗i ,
βui(u1, u2, u3, · · ·) '
∑
j
Mij(uj − u∗j) . (10)
The matrix Mij = ∂βui/∂uj denotes the stability matrix. Diagonalising the stability
matrix allows us to write down the solution to the linearised flow in terms of the
eigenvectors VI and eigenvalues θI of M,
ui(t) = u
∗
i + CI VIi exp(−θIt) , (11)
where the VI , θI are obtained from solving the eigenvalue problem MVI = −θIVI , and
no sum over I is implied. The integration constants CI determine the initial conditions
of the flow. For stability coefficients with negative real part, Re(θI) < 0, the only way
to end at the fixed point as t→∞ is if the corresponding CI vanishes. In this case, the
eigendirection VI is called UV-irrelevant. Conversely, directions connected to positive
critical exponents automatically run into the fixed point. The corresponding integration
constants CI are undetermined by the Asymptotic Safety condition and parameterise
the freedom of constructing asymptotically safe RG trajectories.
In special cases, the set of the Oi may be extended to include an infinite number
of interaction monomials. The prototypical example is given by the f(R)-truncation
[17–19, 25, 45–51] where Γk contains an arbitrary, scale-dependent function f of the
Ricci scalar,
Γ
f(R)
k =
∫
ddx
√
g f(R) . (12)
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Table 1. Summary of the mathematical structures capturing the flow of Γk
in different classes of approximations. Depending on the scale-dependent terms
retained in Γk, the projected flow equations are non-linear ordinary differential
equations (ODEs), partial differential equations (PDEs), or (partial) integro-
differential equations (IDEs). Since fixed functionals are k-stationary solutions, their
structure is governed by differential equations which contain one variable less than the
corresponding flow equation.
approximation of Γk structure of RG flow fixed points
finite number of Oi ODEs algebraic
field-dependent
functions f(R1, · · · , Rn; t) PDEs (n+ 1 var.) PDEs (n var.)
momentum-dependent
form factors f(p1, · · · , pn; t) IDEs (n+ 1 var.) IDEs (n var.)
More generally, such a coupling function can depend on several arguments. Evaluating
the FRGE for this ansatz yields a non-linear partial differential equation (PDE)
governing the scale-dependence of the function f(R). In this setting, a fixed point
then corresponds to a k-stationary solution of the corresponding dimensionless equation.
The ODE encoding the fixed point solution may then either be used as a generating
functional for describing a fixed point in a small-R/k2 expansion or solved for global
solutions numerically.
The discussion on the stability extends straightforwardly to the case of a set of
functions of field operators. The fixed point condition in general is then a set of PDEs
with one variable fewer. The matrix M gets promoted to an operator with eigenfunctions
VI depending on the arguments of the functions, such that the expansion around a fixed
point reads
fi(R1, . . . , Rn; t) = f
∗
i (R1, . . . , Rn) + CIVIi(R1, . . . , Rn) exp(−θIt) . (13)
Here the fi are the dimensionless coupling functions, and R1, . . . , Rn are field arguments
as e.g. the Ricci scalar or a scalar field.
When studying the propagation of degrees of freedom at the quantum level,
truncating the series (5) at a finite number of terms may lead to spurious results. In
this case, one is bound to include terms in the ansatz for Γk which account for the
full momentum dependence of the two-point functions. In the context of gravity, this
amounts to including the two form factors introduced in equations (1) and (2) in the
ansatz. When evaluating the FRGE for such an ansatz, the inclusion of these form
factors generally leads to a set of non-linear integro-differential equations determining
the admissible functions WCk (p
2), WRk (p
2), etc. Conceptually, this may be understood
by noticing that besides the external momentum the argument of the form factor may
also include the loop momentum integrated over in the trace. This entails that a
consistent solution requires knowing the form factor on the entire positive real axis.
Thus approximating the form factor by a Taylor series (possibly with finite radius of
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convergence) is not suitable and new computational methods for solving such equations
are required. This will be the subject of section 4.3.2. As a concluding remark, the
stability analysis is completely analogous in this case, with the difference that the
operator M is now in general of integro-differential type. An overview of the different
cases and their RG flow structure can be found in table 1.
2.2. The functional renormalisation group in quantum gravity
Up to now, we have been abstract about organising the basis monomials Oi. In order
to understand their structure, we first notice that the construction of Γk and its FRGE
hinges on the background field formalism, at least in gauge theories and gravity. In its
simplest incarnation the physical metric gµν is decomposed into a fixed, but arbitrary
background metric g¯µν and fluctuations hµν using the linear split‡
gµν = g¯µν + hµν . (14)
The trace of the fluctuation field will be denoted by h ≡ g¯µνhµν . Conceptually, the
presence of the background metric is important since it provides the metric structure
which is used to discriminate between the high- and low-momentum modes.
The background formalism also provides a convenient way to gauge-fix the freedom
of performing coordinate transformations, δgµν = Lvgµν with Lv denoting the Lie
derivative along the vector v. The linear split (14) entails that a transformation of gµν
under diffeomorphisms may be implemented either by quantum gauge transformations,
δQg¯µν = 0 , δ
Qhµν = Lvgµν , (15)
keeping the background metric fixed, or by background gauge transformations,
δB g¯µν = Lvg¯µν , δBhµν = Lvhµν , (16)
where each quantity transforms as a tensor of the corresponding rank. By construction
the gauge-fixing sector breaks the symmetry under quantum gauge transformations.
At the same time, the gauge-fixing (and regulator terms) may be constructed in such
a way that background gauge transformations are realised explicitly and maintained
along the RG flow. The background gauge transformations may then be used to obtain
a manifestly diffeomorphism invariant effective action depending on a single metric g
by setting Γ[g] = Γk=0[h; g¯]|h=0.
As a result of the gauge-fixing and regulator terms, Γk depends on two independent
arguments which may either be chosen as Γk[h; g¯] or Γk[g, g¯]. The former formulation has
the natural interpretation of considering graviton fluctuations in a fixed but arbitrary
background, while the second one emphasises the “bi-metric” character of the effective
‡ Alternatively, an exponential split gµν = g¯µα[eh]αν has been considered e.g. in [24, 52–58]. In this
case, the fluctuations cannot alter the signature of the physical metric, i.e., gµν and g¯µν come with
the same signature. The underlying conformal field theories arising from the exponential and linear
split possess different central charges [59], suggesting that linear and exponential parameterisation lead
to gravitational theories in different universality classes. For an exploration of the most general local
parameterisation up to second order in the fluctuation field see [55].
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average action. While the two formulations are equivalent on the exact level, in typical
approximations they correspond to different projections in theory space and thus yield
complementary information. Both formulations allow for practical calculations: in the
fluctuation language, calculations have been done resolving vertices containing up to
four graviton legs [33, 36, 37, 49, 60–63], and first results on the all-orders fluctuation
field dependence to lowest order in the momentum have been presented in [64]. In the
bi-metric language, the most advanced calculations resolve both background and full
metric Einstein-Hilbert structures [65, 66]. We emphasise that the object driving the
flow in (3) is the fluctuation two-point function Γ
(2,0)
k [h; g¯]. Therefore we will resort to
the h-g¯-setup throughout the rest of this work.
The extra metric dependence is controlled by a split-Ward or Nielsen identity. It
arises from the observation that the decomposition (14) is invariant under local split-
symmetry transformations
g¯µν 7→ g¯µν + µν , hµν 7→ hµν − µν . (17)
This transformation results in a (modified) split-Ward identity which relates functional
derivatives of Γk with respect to the background and fluctuation field. Schematically, it
reads
δΓk[h; g¯]
δg¯
− δΓk[h; g¯]
δh
= N [h; g¯] , (18)
where N [h; g¯] carries the information about the non-trivial behaviour of diffeomorphism
transformations of the gauge-fixing sector and the regulator [41,48,67–82].
The bi-metric structure of the effective average action can be approached in
two different ways, graphically depicted in figure 1. The first way is to solve the
Nielsen identity (18) by calculating the fluctuation two-point function in terms of
background correlators. Structurally, the relation involves all background correlators
and background derivatives of the regulator as well as the gauge fixing and ghost action,
Γ
(2,0)
k = Γ
(2,0)
k
[
Γ
(0,n)
k [h; g¯],
δn
δg¯n
Rk, Sgf , Sgh
]
. (19)
To lowest order, the background and fluctuation correlators agree. The corrections to
this can be organised in an expansion in the number of loops. Once the approximation
of the fluctuation propagator is obtained, the actual flow equation can be solved.
The second way is to employ a vertex expansion of Γk,
Γk[h; g¯] =
∑
n
1
m!
∫
ddx
√
g¯
[
Γ
(m)
k [g¯]
]µ1ν1···µmνm
hµ1ν1 · · ·hµmνm . (20)
The correlators Γ
(m)
k [g¯] depend on both background curvatures and the momenta of
the fluctuation fields in terms of covariant background derivatives. With this ansatz,
one resolves both background and fluctuation correlators individually, giving rise to a
higher-dimensional theory space. Clearly, these correlators are related by the Nielsen
identity. The strategy most often employed is to solve this, in a sense over-complete,
flow, and then to impose the Nielsen identity only in the infrared limit, k → 0. This is
expected to reduce the dimension of theory space back to its original dimension.
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split symmetry
broken by Rk,Γgfk
solve sWIs
solve background flow
solve bi-metric flow
solve sWIs at k = 0
Γ[g¯] = Γ0[0; g¯]
Figure 1. Setup to obtain the effective action using the two schemes outlined in the
main text.
The FRGE expresses the scale-dependence of Γ
(m)
k in terms of Γ
(m+1)
k , Γ
(m+2)
k and
lower-order m-point functions. Thus solving the flow of Γk at the level of the m-point
vertex requires some closure conditions for the (m+1) and (m+2)-point functions. The
established procedure employed in most works is to retain the tensor structures of the
classical action and to identify the couplings of the two highest, non-resolved correlators
with couplings from the highest order resolved vertex.
3. Form factors for gravity and gravity-matter systems
We now proceed by discussing the momentum-dependent form factors for gravity and
gravity-matter systems. Our primary focus is on form factors obeying split symmetry
and we assume that we can freely integrate by parts without generating boundary terms.
In our setting, a natural ordering principle follows from counting the number of matter
fields and curvature tensors. In the context of Asymptotic Safety, matter coupled to
gravity has been investigated in [10,12,57,71,82–124].
3.1. Form factors for split-symmetry invariant actions
We start by discussing the form factors determining the propagators in the matter sector
in subsections 3.1.1-3.1.3 before completing the discussion with the gravitational case
in subsection 3.1.4.
3.1.1. Scalars For scalar fields φ, there is one form factor associated with the kinetic
term
Γs,kink [φ, g] =
1
2
∫
ddx
√
g φ f
(φφ)
k (∆)φ . (21)
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In analogy to computations in flat Minkowski space, we define the wave-function
renormalisation of the scalar field according to [12]
Zsk ≡
∂
∂p2
f
(φφ)
k (p
2)
∣∣∣∣
p2=0
. (22)
The corresponding anomalous dimension is then given by
ηs(k) ≡ −∂t lnZsk . (23)
One may also extract the zero-momentum behaviour of the form factor. In this way, we
define the gap parameter
µ2k ≡ (Zsk)−1 f (φφ)k (p2)
∣∣∣
p2=0
. (24)
If f
(φφ)
k (p
2) is a linear function of the squared momentum and φ is in the symmetric
phase, µk has the interpretation of the mass of the scalar field, since it corresponds to
the pole of the (Wick-rotated) Lorentzian propagator. For a general form factor, this
interpretation does not hold however and one has to analyse the pole structure of the
(Wick-rotated) form factor in order to gain any insight on the masses of the propagating
fields.
To linear order in the spacetime curvature, the scalar sector gives rise to two
additional form factors,
Γ
(Rφφ)
k [φ, g] =
∫
ddx
√
gf
(Rφφ)
k (∆1,∆2,∆3)Rφφ , (25)
Γ
(Ricφφ)
k [φ, g] =
∫
ddx
√
gf
(Ricφφ)
k (∆1,∆2,∆3)R
µν(DµDνφ)φ . (26)
Here ∆i is the Laplacian acting on i-th field, ∆1(Rφφ) = (∆1R)φφ, cf. Appendix A. An
investigation of correlations of this type without form factors in a bi-metric setup has
been carried out in [112], and in a Brans-Dicke motivated context in [57, 95, 104, 125].
The monomials (25) and (26) constitute a complete set of form factors at first order in
the spacetime curvature. The invariant
∫
ddx
√
gfk(∆1,∆2,∆3)R
µν(Dµφ)(Dνφ) can be
mapped to this basis set through integration by parts and the use of the second Bianchi
identity. Moreover, any pair of contracted covariant derivatives acting on different fields
may be eliminated by means of the identity∫
ddx
√
gR1R2(∆R3)=
∫
ddx
√
g [(∆R1)R2 +R1(∆R2) + 2(DµR1)(D
µR2)]R3 , (27)
where the Ri represent arbitrary tensor fields. These manipulations typically also
produce additional curvature tensors by the commutation of covariant derivatives. Since
these are of higher order in R, they will not be considered at this stage.
3.1.2. Vectors The kinetic term of an abelian gauge field Aµ with field strength
Fµν = DµAν −DνAµ reads
Γvk[Aµ, g] =
1
4
∫
ddx
√
gFµν F
µν , (28)
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where all indices are raised and lowered with the spacetime metric gµν . This term can
be generalised to include the form factor fvk (∆),
Γv,kink [Aµ, g] =
1
4
∫
ddx
√
gFµν f
v
k (∆)F
µν . (29)
Similarly to the scalar case, fvk (x)|x=0 encodes the wave-function renormalisation for the
vector fields. In the case of non-abelian gauge fields the connection Dµ is supplemented
by an additional connection piece built from Aµ.
In d = 4 spacetime dimensions there is a second interaction monomial constructed
from two powers of the field strength tensor contracted with a totally antisymmetric
-tensor. Like for the kinetic term (28), one could also generalise this term by including
a form factor. In this case it turns out that the flat part is a total derivative, as is the
term without form factor, whereas the commutator of the covariant derivatives will give
rise to an additional field strength tensor. As a consequence the interaction monomial
contains either three powers of the field strength or an additional spacetime curvature
tensor and will thus not be considered here.
3.1.3. Fermions Our construction of the form factors for fermionic fields builds on
the spin-base formalism developed in [126–128]. We start by introducing (spacetime-
dependent) Dirac matrices γµ satisfying the Clifford algebra
{γµ, γν} = 2gµν1 , γµ ∈ Mat(dγ × dγ,C) , dγ = 2bd/2c , (30)
where 1 denotes the unit matrix in Dirac space. Dirac fermions are then represented
by a Grassmann-valued dγ-component vector ψ. Fermion bi-linears are formed with the
metric h on Dirac space, where h ∈ Mat(dγ×dγ,C) is anti-hermitian, h† = −h, and has
unit determinant. The conjugate of a Dirac spinor is then defined as ψ¯ ≡ ψ†h. This
ensures that
(
ψ¯ψ
)†
= ψ¯ψ is real.
Since the properties of the Clifford algebra depend on the dimension of spacetime,
the discussion will focus on four-dimensional (Euclidean signature) spacetimes admitting
a spin-structure. In this case the γµ can be chosen to satisfy the reality property
(γµ)
† = hγµh−1. Moreover, the Clifford algebra admits an additional operator γ∗ =
1
24
√
g µνρσγ
µγνγργσ, where  is the standard Levi-Civita symbol. It satisfies trγ∗ = 0,
(γ∗)† = hγ∗h−1, and (γ∗)2 = 1, which allows to distinguish the left- and right-handed
components of the Dirac spinor. Given a set of Dirac matrices satisfying (30) together
with the reality properties for the γµ uniquely determines h. In order to construct a
kinetic term for the fermions, we introduce a covariant derivative ∇µ containing the
spin-base connection Γµ,§
∇µψ = ∂µψ + Γµψ , ∇µψ¯ = ∂µψ¯ − ψ¯Γµ . (31)
§ The connection piece of ∇µ can be generalised to also contain a spin-torsion part ∆Γµ. This case
will not be considered here.
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The spin-base connection Γµ is completely determined in terms of the Dirac matrices
and the Levi-Civita connection,
Γµ =
4∑
n=1
mµρ1···ρnγ
ρ1···ρn ,mµρ1···ρn ≡
(−1)n(n+1)2 tr (γρ1···ρn [(Dµγν), γν ])
8n! (4 (1− (−1)n)− 2n) , (32)
where Dµγ
ν = ∂µγ
ν + Γνµργ
ρ and γρ1···ρn = 1/n!(γρ1 · · · γρn + . . .) is the completely
anti-symmetrised product of n Dirac matrices. The connection ensures that ∇µψ
transforms as a covector under general coordinate transformations and as a vector under
SL(dγ,C) spin-base transformations. As an important property, /∇ ≡ γµ∇µ satisfies the
Lichnerowicz relation
∆D ≡ (i /∇)2 =
(
−gµνDµDν + 1
4
R
)
1 . (33)
Based on these prerequisites, it is now straightforward to introduce the three
independent form factors appearing at the level of fermion bi-linears,
ΓD,1k [ψ¯, ψ, g] =
∫
d4x
√
g ψ¯ fD,1k (∆D) (i /∇)ψ , (34)
ΓD,2k [ψ¯, ψ, g] =
∫
d4x
√
g ψ¯ fD,2k (∆D) γ∗ /∇ψ , (35)
ΓD,3k [ψ¯, ψ, g] =
∫
d4x
√
g ψ¯ fD,3k (∆D)ψ , (36)
ΓD,4k [ψ¯, ψ, g] =
∫
d4x
√
g ψ¯ fD,4k (∆D) γ∗ ψ . (37)
The form factors fD,1k (∆D) and f
D,2
k (∆D) generalises the kinetic term. In particular,
linear combinations of fD,1k (0) and f
D,2
k (0) define the wave-function renormalisations for
the two chiral components of the Dirac field. The form factors fD,3k (∆D) and f
D,4
k (∆D)
generalise the mass terms to momentum-dependent functions. Again the k-dependent
mass of the fermion is associated with the roots of the (Lorentzian signature) Dirac
equation. In a flat background the relevant equation is[
fD,1k ()(i/∂) + f
D,2
k () γ∗ /∂ −
(
fD,3k () + f
D,4
k () γ∗
) ]
ψ = 0 , (38)
so that the construction accommodates scale-dependent mass terms for the right- and
left-handed components of the Dirac fermion. Owed to the presence of the scalar
curvature term in (33) the form factors fD,ik (∆D) have a non-trivial overlap with scale-
dependent functions fk(R) built from the Ricci scalar. A natural way to disentangle
these two sets of functions is to take the flat space limit where the latter are trivial.
3.1.4. Gravity The first set of non-trivial form factors in the gravitational sector
appears at second order in the spacetime curvature. In this case the basis for the
split symmetry invariant form factors can be chosen as
ΓC,k [g] =
1
16piGk
∫
ddx
√
g CµνρσW
C
k (∆)C
µνρσ , (39)
ΓRk [g] =
1
16piGk
∫
ddx
√
g RWRk (∆)R . (40)
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The choice of these basis terms is distinguished in the sense that the form factors WCk (∆)
and WRk (∆) lead to a non-trivial momentum dependence of the transverse-traceless and
scalar propagator, respectively, when the background in (14) is chosen as flat Euclidean
space. The third potential invariant
∫
ddx
√
g Rµν R
µν does not give rise to an additional
form factor. Any term of the structure
∫
ddx
√
g Rµν ∆
nRµν , n ≥ 1 can be mapped to
the basis elements and higher order curvature terms by means of the second Bianchi
identity (A.6). To demonstrate this, we first note that
DαDαRρσµν = −Dα [DρRσαµν +DσRαρµν ]
= 2DρD[µRν]σ − 2DσD[µRν]ρ +O(R2) , (41)
where we commuted two covariant derivatives and made use of the contracted Bianchi
identity (A.7) in the second step. Contracting with a Riemann tensor, this implies
RρσµνD2Rρσµν = 4R
ρσµνDρDµRνσ +O(R2) . (42)
Integrating this equation over spacetime then allows to integrate by parts, so that the
covariant derivatives appearing on the right-hand side can again be arranged to act on
the Riemann tensor. Again making use of the contracted Bianchi identity establishes
that ∫
ddx
√
g [Rρσµν∆Rρσµν − 4Rµν∆Rµν +R∆R] = O(R3) . (43)
This relation readily extends to higher powers of the Laplacian. This case involves
additional commutators when reordering the covariant derivatives before performing
the integration by parts. These additional commutators only provide further terms of
order O(R3), so that (43) is correct for all positive powers ∆n. Using (A.5) in order to
eliminate the Riemann tensor in favour of the Weyl tensor leads to a similar relation,
albeit with different numerical coefficients,∫
ddx
√
g
[
Cρσµν∆Cρσµν − 4d− 3
d− 2R
µν∆Rµν +
d(d− 3)
(d− 1)(d− 2)R∆R
]
= O(R3) . (44)
This establishes that the monomials (39) and (40) are indeed the only form factors that
appear at second order in the curvature, see also [35] for related discussions.‖ However,
in dimensions higher than four, the Ricci-squared term without form factor has to be
included, since it cannot be eliminated by the Euler characteristic.
At this stage the following remark is in order. The two monomials (4) spanning
the Einstein-Hilbert action do not lend themselves to a generalisation by introducing a
non-trivial form factor. Adding a function fk(∆) acting on the Ricci scalar in OR leads
to integrands which are total derivatives and thus merely contribute surface terms to
the action. This case will not be considered any further at this stage.
‖ This statement assumes that the form factors possess a well-defined (inverse) Laplace transform
(C.10), which we tacitly assume throughout the entire work.
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3.2. Form factors in the vertex expansion of a scalar-tensor theory
Upon discussing the form factors of a scalar-tensor theory obeying split symmetry
in subsection 3.1.1, we now focus on the description of the same setting within
the framework of a vertex expansion. In this case, we consider fluctuations of the
gravitational field hµν in a flat Euclidean background g¯µν = δµν and vertices containing
two powers of the scalar field φ. Again, this setting allows to introduce momentum-
dependent form factors in the interaction vertices. The flat background allows to use
derivatives ∂iµ with i ≡ −∂2i and momenta piµ interchangeably. Again we adopt the
convention that the index i indicates the field on which the derivative acts upon. We
construct basis elements with the convention that derivatives acting on the last field are
integrated by parts. In order to lighten our notation we drop the subscript k and it is
understood implicitly that all form factors also depend on the scale k. Where necessary,
we then use a subscript to indicate the tensor structure that a given form factor is
associated with.
3.2.1. Classification of interaction vertices in powers of h We start by generalising the
nomenclature introduced in (20) to the scalar-tensor case. In the presence of two fields,
Γk[h, φ; g¯] =
∑
m,n
1
n!m!
∫
ddx
√
g¯
[
Γ
(m,n)
k [g¯]
]µ1ν1···µmνm
hµ1ν1 · · ·hµmνm φn . (45)
The vertex entering the monomial with m h-fields and n φ-fields is denoted by Γ
(m,n)
k [g¯].
Moreover, we use a vertical line followed by a string of fields to denote the projection
of (45) onto the corresponding string of fields. Notably, the symmetry properties in
the vertices
[
Γ
(m,n)
k [g¯]
]µ1ν1···µmνm
in terms of their momentum-dependence and tensor
structure appear automatically, once they are extracted from (45) using the variational
principle.
Order O(h0). The lowest order vertex describes the propagation of the scalar field in
flat space and does not include the graviton fluctuation field,
Γk|φφ = 1
2
∫
ddxφf (φφ)()φ . (46)
Going to momentum space and taking the functional derivatives with respect to φ
according to the prescription (A.14) then yields the (symmetrised) two-point vertex
Γ
(0,2)
k (p
2) = f (φφ)(p2) , (47)
where we employed momentum conservation.
Order O(h1). Once terms containing powers of hµν are considered the vertices[
Γ
(m,n)
k [g¯]
]µ1ν1···µmνm
, m ≥ 1, possess a non-trivial tensor structure. For n = 1 and
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m = 2 this results in four form factors f
(hφφ)
T which are associated with the independent
tensor structures
Γk|hφφ =
∫
ddx
[
f
(hφφ)
(g¯) δ
µν + f
(hφφ)
(11) ∂
µ
1 ∂
ν
1 + f
(hφφ)
(22) ∂
µ
2 ∂
ν
2 + f
(hφφ)
(12) ∂
µ
1 ∂
ν
2
]
hµνφφ . (48)
The fourth structure deserves a comment. While partial integration allows to write∫
ddx ∂µ1 ∂
ν
2 hµνφφ = −12
∫
ddx (∂µ1 ∂
ν
1 hµν)φ
2, identities of this form no longer hold if there
is a form factor which contains Laplacians acing on the two φ-fields with different powers.
Thus, in general, the fourth tensor structure must be included.
The momentum dependence of the form factors is conveniently captured by the
squares of the momenta associated with the three fields,
f
(hφφ)
T = f
(hφφ)
T (p
2
1, p
2
2, p
2
3) . (49)
The fact that the combinations yij ≡ piµ pµj , i, j = 1, · · · ,m + n, i 6= j do not appear
as independent arguments follows from momentum conservation at the vertex, equation
(A.13), which for any three-point vertex gives
pµ1 + p
µ
2 + p
µ
3 = 0 . (50)
This entails
p23 = (p1µ + p2µ)(p
µ
1 + p
µ
2) = p
2
1 + p
2
2 + 2y12 , (51)
which allows to express y12 in terms of the p
2
i . Identities for remaining yij can be
obtained along the same lines, yielding
y12 =
p23 − p21 − p22
2
, y13 =
p22 − p21 − p23
2
, y23 =
p21 − p22 − p23
2
. (52)
These identities allow to eliminate the dependence of the f
(hφφ)
T on the yij in favour of
a dependence on the squared momenta, justifying (49).
We close the discussion with the following remarks. The classification of the form
factors related to higher-order vertices follows the same pattern as the one for the
three-point vertices. Firstly, one determines the independent arguments of f
(hmφn)
T using
momentum conservation at the vertex. Secondly, one determines the independent tensor
structures providing a suitable basis for the expansion (45). Notably, the number of
tensor structures proliferates rather quickly. The vertex with m = n = 2 is discussed in
detail in Appendix D. In this case there are 59 independent tensor structures which all
come with their own form factor,
f
(hhφφ)
T = f
(hhφφ)
T (p
2
1, p
2
2, p
2
3, y12, y13, y23) . (53)
Momentum conservation at the vertex implies that any form factor appearing in a
four-point vertex can depend on six different combinations of the incoming momenta.
Systematically eliminating pµ4 by imposing momentum conservation at the vertex,
pµ4 = −(pµ1 + pµ2 + pµ3), leads to the arguments appearing in (53).
The vertex expansion can readily be generalised to an arbitrary background g¯µν .
In this case, there is the additional complication that operator structures acting on the
same field no longer commute. For example, the Laplacian ∆¯1 no longer commutes with
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D¯1µD¯
µ
i , i 6= 1. This raises the need to impose some convention on how the operators are
ordered. This is particularly relevant for vertex functions of higher order, as, e.g., the
four-point vertex discussed in Appendix D where the form factors depend on a subset
of both ∆¯i and D¯iµD¯
µ
j . In this case one may impose that all D¯iµD¯
µ
j are to the left of
all ∆¯i and ∆¯j. Different choices for the operator ordering are equivalent up to terms of
order O(R¯).
3.2.2. Identities for split-symmetric vertices At this stage it is natural to ask about
the relation between the split symmetry invariant form factors introduced in subsection
3.1.1 and the vertex expansion of the previous section. In order to clarify this question
we expand the split symmetry invariant action (21) in terms of graviton fluctuations
in a flat background g¯µν = δµν . Following the notation introduced in subsection 3.2.1,
it is convenient to give the results in terms of projected components appearing in the
expansion (45). At zeroth order in the h-field, the projection yields
Γs,kink |φφ =
1
2
∫
ddx φf (φφ)()φ . (54)
The terms linear in h originate from expanding
√
g and the form factor respectively.
The former follow from
√
g ' 1 + 1
2
h+
1
8
h2 − 1
4
hµνhµν +O(h3) , (55)
where h ≡ g¯µνhµν . The latter arise from expanding the Laplacian acting on scalar fields
in powers of h,
∆φ ' [+ d1 + d2 + · · ·]φ . (56)
The explicit computation gives
d1 = hµν∂
µ∂ν + (∂µhµν)∂
ν − 1
2
(∂αh)∂
α , (57)
d2 = −hµαhαν∂µ∂ν − hαβ(∂βhαµ)∂µ − hµβ(∂γhβγ)∂µ
+
1
2
hαβ(∂µhαβ)∂
µ +
1
2
hµν(∂µh)∂ν . (58)
Combining these basic expansions with the computational techniques introduced in
Appendix C allows to generalise these results to functions of the Laplacian. This results
in the following expansion coefficient:
Γkink |hφφ =
1
2
∫
ddx
[1
2
f (φφ)(2)hφφ
+
∫ ∞
0
ds f˜ (φφ)(s)
∞∑
j≥0
(−s)j+1
(j + 1)!
j∑
l=0
(
j
l
)
(−1)l(j−lφ)d1l e−sφ
]
.(59)
Here f˜ (φφ)(s) is the inverse Laplace transform of the form factor f (φφ)(). Remarkably,
all sums and the Laplace transform can be performed explicitly. Labelling the Laplacians
Form Factors in Asymptotic Safety 18
acting on h, the first and second scalar field by 1, 2 and 3, respectively, one has∫ ∞
0
ds f˜ (φφ)(s)
∞∑
j≥0
(−s)j+1
(j + 1)!
j∑
l=0
(
j
l
)
(−1)lj−l2 l3 e−s3hφφ
=
∫ ∞
0
ds f˜ (φφ)(s)
∞∑
j≥0
(−s)j+1
(j + 1)!
(2 −3)j e−s3hφφ
= (2 −3)−1
∫ ∞
0
ds f˜ (φφ)(s)
(
e−s(2−3) − 1) e−s3hφφ
= (2 −3)−1
(
f (φφ)(2)− f (φφ)(3)
)
hφφ . (60)
Substituting this result into (59) then yields the final form of the coefficient Γs,kink |hφφ:
Γs,kink |hφφ =
1
2
∫
ddx
[1
2
δµνf (φφ)(2)
+
f (φφ)(2)− f (φφ)(3)
2 −3
(
∂µ3 ∂
ν
3 + ∂
µ
1 ∂
ν
3 −
1
2
δµν∂1α∂
α
3
)]
hµν φφ . (61)
A series expansion of the second line shows that the coefficient is finite also on the locus
2 −3 = 0.
The expansion of the monomials (25) and (26) in metric fluctuations in a flat
background starts at order h. Thus they do not contribute to Γk|φφ. The terms Γ(Rφφ)k |hφφ
and Γ
(Ricφφ)
k |hφφ are found by replacing the curvature tensors by their leading coefficients
in h. They read
ΓRφφk |hφφ =
∫
ddxf (Rφφ)(1,2,3) [1δµν + ∂µ1 ∂ν1 ]hµνφφ , (62)
and
ΓRicφφk |hφφ =
1
2
∫
ddx f (Ricφφ)(1,2,3)
[
(1 +2 −3) ∂µ1 ∂ν2
− 1
4
(1 +2 −3)2 δµν +1 ∂µ2 ∂ν2
]
hµνφφ . (63)
The structure of the four-point vertex can be analysed along the same lines. Since
the intermediate steps and results are bulky, they have been relegated to Appendix D.
At this stage, it is sufficient to remark that split-symmetric actions containing more
than one curvature tensor do not contribute to the (hφφ)-vertex when expanded around
a flat background. Thus (61), (62) and (63) capture all contributions originating from
a split-symmetric action.
We are now in the position to discuss the relation between the split symmetry
invariant interaction monomials and the vertex expansion discussed in subsections 3.1.1
and 3.2.1, respectively. In general, any split-symmetric action will give rise to an infinite
tower of interaction vertices Γ
(m,n)
k when one expands in graviton fluctuations h around
a background g¯. This tower then entails that there must be a relation between the
form factors appearing in the split-symmetric action and the vertex expansion.¶ We
¶ A similar relation also holds once terms breaking split symmetry are added, as the regulator and the
gauge fixing term. These are controlled by the Nielsen identity (18). The modifications induced by
these terms will not be discussed here.
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illustrate this general property for the form factor appearing in the scalar kinetic term
(21). Combining (54) and (61) gives the expansion of the split-symmetric scalar kinetic
term Γs,kink [φ, g] in a flat background spacetime up to terms of second order in h:
Γs,kink =
1
2
∫
ddx
{
φf (φφ)()φ+
[1
2
δµνf (φφ)(2) (64)
+
f (φφ)(2)− f (φφ)(3)
2 −3 (∂
µ
2 ∂
ν
2 + ∂
µ
1 ∂
ν
2 −
1
2
δµν∂1α∂
α
2 )
]
hµν φφ+O(h2)
}
.
Here we used the symmetry in the two φ-fields to exchange the indices 2 and 3. By
comparing (64) to (46) and (48), we see that split symmetry entails a specific relation
between the form factors appearing in the vertex expansion. The (φφ)-vertex receives
contributions from the scalar kinetic term only, and anticipating this we deliberately
chose the same name for the two functions.
At the level of the (hφφ)-vertices, the split-symmetric expansions (61), (62) and
(63) induce the following form factors associated with the tensor structures (48):
f
(hφφ)
(g¯) =
1
8
[
f (φφ)(p22) + f
(φφ)(p23)− p21
f (φφ)(p22)− f (φφ)(p23)
p22 − p23
]
+ p21f
(Rφφ)
− 1
8
(p21 + p
2
2 − p23)2f (Ricφφ) , (65)
f
(hφφ)
(11) = f
(Rφφ) , (66)
f
(hφφ)
(22) =
1
2
f (φφ)(p22)− f (φφ)(p23)
p22 − p23
+
1
2
p21 f
(Ricφφ) , (67)
f
(hφφ)
(12) =
1
2
f (φφ)(p22)− f (φφ)(p23)
p22 − p23
+
1
2
(p21 + p
2
2 − p23) f (Ricφφ) . (68)
To ease the notation we have suppressed the arguments of all functions which depend
on all three squared momenta. This establishes that split symmetry enforces relations
between the four independent form factors appearing in the vertex expansion. In
other words, extracting the parts of the hφφ-vertices which can be completed into
split-symmetric actions requires contributions from all four tensor structures with the
corresponding momentum-dependent form factors being fixed in terms of the two free
functions f (Rφφ) and f (Ricφφ) by the relations (65)-(68). This also establishes that
there are two combinations of tensor structures which cannot be completed into split-
symmetric monomials. At the practical level this suggests that the amount of split
symmetry breaking induced by the regulator and gauge fixing terms can be quantified
by these equations. This provides a much more straightforward way to check how
strongly the full diffeomorphism symmetry is broken than the evaluation of the non-
trivial Nielsen identity.
Similar relations for the form factors associated with vertices of higher order f
(hmφ2)
T ,
m ≥ 2, can be obtained along the same lines. Their explicit construction requires
classifying all split-symmetric invariants containing up to m powers of the curvature
tensor. Subsequently, this set of actions is expanded in the fluctuation field up to m-th
order. The result is then compared to the classification of tensor structures involving m
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h-fields and two scalars. Given that f
(hhφφ)
T already gives rise to 59 independent tensor
structures, it is clear that already the next order of relations will be very involved. We
relegate partial results to Appendix D.
We close this section with a conceptual remark. In general the effective average
action Γk doesn’t reduce to a functional of only one metric in the limit k → 0. The
reason is that the Nielsen identity is still non-trivial even in this limit, in particular
because the gauge-fixing term is still present. Our discussion in terms of form factors
then might serve as an approximate solution to the Nielsen identity which doesn’t include
the breaking induced by gauge fixing, and fix an infinite number of couplings. In the
specific example of the hφφ-vertices, split symmetry restoration (up to the non-trivial
part of the Nielsen identity) at k = 0 corresponds to imposing the boundary conditions
(65)-(68), thereby fixing two linear combinations of the form factors introduced in (48).
4. Momentum-dependent propagators in the scalar-tensor model
Upon surveying the conceptual properties of momentum-dependent form factors we
now focus on the computational techniques which actually allow to determine them
as solutions of the Wetterich equation (3). For clarity, we focus on the simplest
case and consider the form factor associated with the scalar kinetic term (21) with
the gravitational sector approximated by the gauge-fixed Einstein-Hilbert action. In
subsection 4.1 we present the setup, whereas in subsection 4.2 we give the explicit flow
equations. Our results are summarised in subsection 4.3. The technical implementation
of the derivation is detailed in the supplementary notebook flowequation.nb.
4.1. Setup
We study the flow of the form factor of a scalar field coupled to gravity. As explained in
the previous section, we approximate the flow of the three- and four-point vertex based
on a diffeomorphism-invariant ansatz for the effective average action:
Γk[g, φ, c¯, c; g¯] ≈ Γgravk [g] + Γscalark [φ, g] + Γgfk [g; g¯] + Sgh[g, c¯, c; g¯] . (69)
The gravitational part is taken to be the Einstein-Hilbert action
Γgravk [g] =
1
16piGk
∫
ddx
√
g [2Λk −R] . (70)
This action includes a scale-dependent Newton’s coupling Gk and a cosmological
constant Λk. The gravitational action is accompanied by a gauge-fixing action Γ
gf
k
and a ghost term Sgh. We implement the gauge fixing by the harmonic gauge
Γgfk =
1
32piGk
∫
ddx
√
g¯Fµg¯µνFν , Fν = D¯µhµν − 1
2
D¯νh . (71)
The gauge fixing gives rise to the standard ghost-term
Sgh = −
√
2
∫
ddx
√
g¯c¯µ
[
D¯ρg¯µσgσνDρ + D¯
ρg¯µσgρνDσ − D¯µg¯ρσgρνDσ
]
cν . (72)
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Figure 2. Feynman diagrams contributing to the flow of the scalar kinetic form factor.
The solid and double lines denote the scalar and the graviton propagator, respectively.
The crossed circle denotes the insertion of the cutoff operator ∂tRk.
Finally, the form factor of the real scalar field is given by
Γscalark [φ, g] =
1
2
Zsk
∫
ddx
√
g φf¯k(∆)φ , (73)
where ∆ ≡ −gµνDµDν is the Laplacian constructed from the full metric. The
couplings are parameterised with a scale-dependent wave-function renormalisation Zk;
the strength of the gravitational interaction is encoded in the function f¯k, which is
subject to the constraint
f¯ ′(0) = 1 . (74)
This gravity-matter system is expected to possess a NGFP suitable for asymptotic
safety [12,31,83,100]. This fixed point is already visible in the simplest projection where
Γscalark [φ, g] is approximated by the classical action of a minimally coupled scalar field,
approximating
Zk = 1 , f¯k(∆) = ∆ . (75)
For d = 4 it is situated at positive values of Newton’s coupling and the cosmological
constant and exhibits a complex pair of critical exponents with a positive real part.
Hence the fixed point acts as a UV-attractor for the RG flow in the G-Λ–plane. It is
connected to the one found for pure gravity through an analytic continuation in the
number of scalar fields.
4.2. Flow equations
We now present the beta functions of the scalar-tensor system resulting from the ansatz
(69). These are conveniently expressed in terms of their dimensionless counterparts.
For the gravitational couplings, we define
gk ≡ k2Gk , λk ≡ k−2Λk , (76)
whereas we have the functional rescaling
f¯(z) ≡ k−2fk
(
k2z
)
. (77)
On top of that, we define the gravitational and scalar anomalous dimensions,
respectively:
ηN ≡ (Gk)−1 ∂tGk , ηs ≡ − (Zk)−1 ∂tZk . (78)
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For convenience, we introduce the dimensionless regulator shape function r by
Rk(z) = k
2 r
( z
k2
)
, (79)
where Rk is the scalar part of the regulator Rk.
4.2.1. Gravitational beta functions The beta functions in the gravitational sector are
explicitly given by
∂tg = (d− 2 + ηN) g , (80)
∂tλ = g (L1(λ) + L3[f ]) + gηNL2(λ)− (2− ηN)λ . (81)
The anomalous dimension ηN can be cast into the form
ηN =
g (B1(λ) +B3[f ])
1− gB2(λ) . (82)
The functions B1(λ), B2(λ), L1(λ) and L2(λ) only depend on the gravitational sector,
and were first derived in [39]. Explicitly, they are given by
B1(λ) =
1
3
(4pi)1−d/2
(
d(d+ 1)Φ1d/2−1[`−2λ]− 4dΦ1d/2−1[`0]
− 6d(d− 1)Φ2d/2[`−2λ]− 24Φ2d/2[`0]
)
,
(83)
B2(λ) =− 1
6
(4pi)1−d/2
(
d(d+ 1)Φ˜1d/2−1[`−2λ]− 6dΦ˜2d/2[`−2λ]
)
, (84)
L1(λ) =(4pi)
1−d/2
(
d(d+ 1)Φ1d/2[`−2λ]− 4dΦ1d/2[`0]
)
, (85)
L2(λ) =− 1
2
(4pi)1−d/2d(d+ 1)Φ˜1d/2[`−2λ] . (86)
The functionals B3 and L3 are novel, and read
B3[f ] =
2
3
(4pi)1−d/2
(
Φ1d/2−1[f ]−
1
2
ηs Φ˜
1
d/2−1[f ]
)
, (87)
L3[f ] = (4pi)
1−d/2
(
Φ1d/2[f ]−
1
2
ηs Φ˜
1
d/2[f ]
)
. (88)
In these expressions, we have conveniently used the generalised threshold functionals
Φpn[f ] =
1
Γ(n)
∫ ∞
0
dzzn−1
r(z)− zr′(z)
(f(z) + r(z))p
, (89)
Φ˜pn[f ] =
1
Γ(n)
∫ ∞
0
dzzn−1
r(z)
(f(z) + r(z))p
. (90)
These functionals reduce to the threshold functionals as defined in [39] for a function
`w of the form `w(z) = z + w:
Φpn(w) = Φ
p
n[`w] , Φ˜
p
n(w) = Φ˜
p
n[`w] . (91)
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4.2.2. Propagator beta function The flow equation for f is given by(
1− 1
2
ηs
)
f(q2) +
1
2
∂tf(q
2)− q2f ′(q2) = K1 +K2 +K3 , (92)
where the Ki correspond to the three Feynman diagrams in figure 2. The diagram
consists structurally of a momentum and angular integral over a number of graviton
and scalar propagators, and the derivative of the regulator, connected by their vertex
functions. The structural part of the diagrams reads
K1 = −32g
∫
dµ[ηN ]V1(p, q, x)
(
Ggrav0 (p
2)
)2
, (93)
K2 = 32g
∫
dµ[ηs]V2(p, q, x)Ggrav0 (s)
(
Gscalar0 (p
2)
)2
, (94)
K3 = 32g
∫
dµ[ηN ]V3(p, q, x)
(
Ggrav0 (p
2)
)2
Gscalar0 (s) , (95)
where we have introduced the regularised integrals∫
dµ[η] ≡ 4pi
d/2
Γ(d/2)
∫ ∞
0
dp
∫ 1
−1
dx (1− x2) d−32
[
r
(
p2
)− 1
2
ηr
(
p2
)− p2r′ (p2)] , (96)
for η ∈ {ηs, ηN}. The regularized dimensionless graviton and matter propagators are
Ggrav0 (z) = (z + r(z)− 2λ)−1 , (97)
Gscalar0 (z) = (f(z) + r(z))
−1 . (98)
We have also introduced the Mandelstam variable s = p2 + q2 + 2pqx. The vertex
functions Vi are given by
V1 = −1
8
d(d+ 1)f(q2) +
1
2
f ′
(
q2
)
q2
(
d− s− p
2 + d−4
d−2q
2
s− q2
)
+
1
2
f (s)− f (q2)
s− q2 q
2
[
1 +
s− p2 + d−4
d−2q
2
s− q2
]
,
(99)
V2 = −d
2
1
d− 2
(
f(p2)
)2
+
1
2
(
s +
d+ 2
d− 2p
2 − q2
)
f(p2)
f(p2)− f(q2)
p2 − q2
−
(
s
2
+
1
d− 2p
2 − q2
)(
f(p2)− f(q2)
p2 − q2
)2
p2 ,
(100)
V3 = −d
2
1
d− 2 (f(s))
2 +
1
2
(
p2 +
d+ 2
d− 2s− q
2
)
f(s)
f(s)− f(q2)
s− q2
−
(
p2
2
+
1
d− 2s− q
2
)(
f(s)− f(q2)
s− q2
)2
s .
(101)
Note that the vertices V2 and V3 are related by the exchange s↔ p2, consistent with the
fact that the diagrams differ only in the insertion of the regulator ∂tRk and a relabeling
of momenta.
We remark that the left-hand side of the beta function is a function of q2, whereas
on the right-hand side also odd powers of q occur. We can properly symmetrise the
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expression for the right-hand side by the observation that odd powers of x integrate to
zero.
From this equation, we derive a separate equation for ηs. This is done by taking
two derivatives with respect to q and consecutively setting q = 0. Then using the
requirement that f ′(0) = 1 gives the following implicit equation for ηs:
ηs = − d
2
dq2
(K1 +K2 +K3)
∣∣∣∣
q=0,f ′(0)=1
. (102)
The explicit expression for ηs is rather lengthy and can be found in the supplementary
notebook fpsolver.nb.
4.3. Fixed point solution
In the following we will discuss the solution of the set of flow equations presented
above. We will focus on the fixed point where all couplings are independent of
the renormalisation group scale k. We begin by analysing the analytic structure.
Afterwards, we present our numerical techniques to solve the equations. With this at
hand, we finally present the numerical solution to the fixed point equations. The details
of the numerical analysis can be found in the supplementary notebook fpsolver.nb.
4.3.1. Analytic properties We study the asymptotic properties of the fixed point
solution by the assertion that for large momentum q2, the function f behaves like
f(q2) ∼ f∞q2α, where f∞, α > 0. Inserting this into the fixed point equation gives
a consistent equation for α < 2. In this range, the diagram K2 is always sub-leading.
Explicitly, the equation for α reads
− 1
2
ηs − (α− 1) =
4g(d− 3)(d− 2α)(d− 2(α− 1))
(4pi)d/2 (d− 2)
[
Φ2d/2[`−2λ]−
1
2
ηN Φ˜
2
d/2[`−2λ]
]
.
(103)
We can solve this quadratic equation for the asymptotic exponent α in terms of ηs, g
and λ. Expanding in g, we infer that α is of the form
α = 1− 1
2
ηs +O(g) , (104)
which is in agreement with the classical expectation that the fall-off behaviour of the
propagator is determined by the anomalous dimension and receives quantum corrections
due to gravity. Interestingly, we note that the O(g) corrections in (103) in d = 3
dimensions vanish exactly.
Another analytic property that we can derive is the small-momentum behaviour of
f . Upon evaluation at q = 0, the fixed point equation reduces to the form(
1− 1
2
ηs
)
f(0) = L0(g, λ, f)f(0) , (105)
We conclude that this equation is satisfied if f(0) = 0, or if L0 = 1 − 12ηs. Given a
numerical solution, we can check whether one or both of these conditions holds.
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Figure 3. Absolute values of the Chebyshev coefficients ai. The coefficients show
algebraic convergence up to an accuracy of 10−6.
4.3.2. Complete solutions through pseudo-spectral methods In this section, we present
the techniques that we used in our numerical study of the fixed point equation. The
fixed point equation is a non-linear integro-differential equation, and cannot be solved
exactly. Therefore, we resort to pseudo-spectral numerical methods [38, 97, 129, 130] to
obtain an approximate solution.
The solving algorithm is implemented as follows. First, in order to obtain a bounded
function on a compact domain, we rescale the function f as
f(z) = (1 + z)αnum f˜
(
z − L
z + L
)
,
where we take the compactification scale L to be 1. From the previous paragraph, we see
that setting αnum = 2 is sufficiently large that the function f˜ is bounded. The function
f˜ is now expanded in Chebyshev polynomials,
f˜(s) =
N−1∑
i=0
aiTi(s) ,
where Ti denotes the i-th Chebyshev polynomial of the first kind. Evaluation of f˜ and
its derivatives is efficiently achieved by a Clenshaw algorithm. By evaluating the fixed
point equation on the Gauss-Chebyshev grid of degree N , we obtain N independent
algebraic equations for the ai.
The constraints for f ′(0) = 1 and ηs are implemented by replacing the equations
of the first two collocation points. Together with the gravitational beta functions and
the constraint ηN = 2− d, this yields a set of N + 4 equations for the N + 4 parameters
{g, λ, ηN , ηs} ∪ {ai}N−1i=0 . Solving this set of equations is achieved by a Newton-Raphson
algorithm.
Finally, in order to concretely evaluate the flow equation, we have to choose a
regulator function. We choose a regulator of exponential type,
r(z) = exp(−cz) . (106)
Form Factors in Asymptotic Safety 26
0.001 0.010 0.100 1 10 100 1000
0.001
0.100
10
1000
f *
(q
2
)
0.001 0.010 0.100 1 10 100 1000
0.85
0.90
0.95
1.00
q2
f *
(q
2
)/
q
2
Figure 4. Top: fixed point solution f∗ (solid yellow). For reference, we have included
the line y = q2 (dashed blue). Bottom: ratio f∗(q2)/q2. The function f∗ only starts
to deviate from y = q2 in the regime q2 & 1. We note that the dip in the small
momentum regime shown in the lower figure constitutes a numerical artefact due to
the numerically small but finite gap in our solution.
As advocated in [34], this regulator allows for fast numerical evaluation. The parameter
c allows to scan for a range of regulators. In the following, we fix c = 1.
The described algorithm is executed in Mathematica. Integration over the
momentum and angles is done using Mathematica’s NIntegrate routine, with
GaussKronrodRule as Method option. We have run the algorithm using N = 50
coefficients with 32 digits numerical precision. In figure 3, we plot the absolute values
of the coefficients ai. We see that the coefficients converge algebraically up to values of
the order 10−6, which gives an estimate of the error of the numerical result.
4.3.3. Results We will now discuss the properties of the fixed point solution. We find
the fixed point values
g∗ = 0.349 , λ∗ = 0.300 , η∗s = −0.176 , α = 0.949 . (107)
We see that the asymptotic power α is very close to one. Indeed, as is shown
in figure 4 the solution only deviates a tiny amount from the Gaussian function
fGaussian(z) = z. However, fGaussian is not an exact solution of the fixed point equation.
Moreover, we can insert the ansatz fGaussian into the right-hand side of (92) to obtain a
one-loop approximation for f . Solving the linear differential equation gives however a
solution that either has a singularity at zero momentum q, or has a root at a positive
value of q. Both features are undesirable.
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Evaluating f directly at zero momentum, we find that f vanishes up to our
numerical precision of ∼ 10−6. Thus the fixed point value of the (dimensionless) gap
parameter (24) vanishes,
µ∗ = 0 . (108)
In combination with the positivity properties of f shown in figure 4, this entails that
the scalar propagator at the fixed point corresponds to a single massless scalar degree
of freedom. This is also confirmed by checking (105); we find
L0 −
(
1− 1
2
ηs
)
= −0.582 . (109)
Since this is significantly different from zero, we conclude that the fixed point solution is
gapless. This supports the conjecture [112] that the scalar sector of the gravity-matter
fixed point possesses a shift symmetry, i.e., it is invariant under φ 7→ φ+ c with c being
constant.
In order to study the stability of the fixed point, we construct the stability matrix
as discussed in section 2. At this stage, the following conceptual remark is in order.
The relation (98) (with the regulator r(z) set to zero) shows that the form factor f is
closely related to the propagator of the scalar field,(
Gscalar
)−1 ∝ f(p2) ∝ Zs(p2) (p2 + µ2) . (110)
Since µ∗ = 0, the momentum-dependent wave-function renormalisation Zs(p2) is
depicted in the lower panel of figure 4. Since Zs∗(p2) > 0 is positive, it may be
absorbed in a field redefinition without affecting the pole structure of the propagator.
This suggests to generalise (23) to a the momentum-dependent anomalous dimension
η∗s(p
2) ≡ −∂t lnZs∗(p2). It is then natural that there are no stability coefficients
associated with deformations of Zs∗(p2).
Owed to this observation, a stability analysis should be limited to the three critical
exponents associated with the couplings ~u = {g, λ, µ2} [33]. As an approximation, we
perturb the fixed point solution ~u∗ = {g∗, λ∗, f∗(z)} by perturbations of the form
~u = ~u∗ +
3∑
I=1
δ~uI exp(−θIt) . (111)
Here the δ~uI are the (momentum-independent) eigenvectors associated with the critical
exponents θI . An exact treatment takes the variation of the scalar wave-function
renormalisation into account, which we neglect here. Substituting this ansatz into the
flow equations (80), (81) and (92) and linearising in the perturbations then yields
θ1,2 = 1.64± 4.14i , θ3 = 1.16 . (112)
We note that, by the vanishing of the gap parameter at the fixed point, the critical
exponent θ3 is related to (109) by a factor of minus two, see also (92). Thus the
NGFP comes with three relevant directions, acting as a UV attractor for g, λ and
the gap parameter µ. The complex pair of critical exponents θ1,2 is characteristic for
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studying gravity and gravity-matter systems in the present setup. It already occurs in
the approximation (75) where one finds
θ1,2 = 1.64± 4.12i . (113)
This indicates that our analysis provides the first study of the gravity-matter fixed point
identified in [12, 31, 83, 100] at the level of self-consistent form factors. Comparing the
critical exponents (112) and (113) furthermore suggests that the properties of the fixed
point are essentially determined by the gravitational contributions [100]. Including a
self-consistent form factor in the scalar sector has a very mild effect on the stability
coefficients.
5. Discussion and conclusion
In this work we provided a detailed account on momentum-dependent form factors
in quantum field theory and their role in the Asymptotic Safety program. From
the pioneering works [33, 34], it is already clear that the form factors related to the
two-point functions of the fluctuation fields (non-perturbative propagators) hold the
key for understanding the structure of spacetime at short distances. Also the fate of
spacetime singularities, omnipresent in classical General Relativity, is closely linked to
understanding the structure of the graviton propagator at trans-Planckian momenta.
Conceptually, the role of the form factors may be understood as follows. The
object carrying the relevant information on the quantum theory is the quantum effective
action Γ ≡ Γk=0. This functional serves as a generating function for all 1PI correlation
functions. It is obtained as the endpoint of an RG trajectory where all quantum
fluctuations are integrated out. Asymptotic Safety then entails that all couplings
u¯i(k = 0) in Γ are determined by the fundamental parameters identifying the RG
trajectory infinitesimally close to the non-Gaussian fixed point. The map between the
fundamental parameters and the u¯i(k = 0) is obtained by solving the flow equation
and constructing the complete RG trajectory. This picture entails some profound
consequences.
Firstly, the momentum dependence of the couplings u¯i(k = 0), discussed in the
introduction, originates from momentum-dependent form factors evaluated at k = 0. A
priori, this is conceptually different from the dependence of the couplings u¯i(k) on the
coarse-graining scale k which arises from integrating out quantum fluctuations shell-
by-shell in momentum space. In simple cases, the k-dependence of the couplings may
be identified with their dependence on an external momentum p. This is the case
if p provides a physical cutoff scale which suppresses the contribution of modes with
p2 < k2 in the case when k is send to zero. The form factors capturing the momentum
dependence of the interaction vertices go far beyond this approximation though. In
particular, they also cover “anisotropic” situations where external momenta differ from
each other.
Secondly, as discussed in section 3.1.4, the cosmological constant and Newton’s
coupling cannot be promoted to momentum-dependent form factors, since the inclusion
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Table 2. Comparison of the scalar anomalous dimension ηs∗ reported in the literature.
As an important novel feature, the form factor f
(φφ)
∗ (p2) allows to analyse the
asymptotic behaviour of the scalar two-point function (propagator) at large momenta.
reference ηs∗ ∆
[12] −0.361 —
[100] 0 —
[31] −0.771 —
this work −0.176 1.051
of the differential operators leads to surface terms in Γk. Thus Gk=0 and Λk=0 are
numbers which are independent of the external momenta in a scattering process. In this
way the RG picture is reconciled with the statement that the (renormalised) cosmological
constant and Newton’s coupling “do not run” [131].
The actual computation of the form factors featuring in Asymptotic Safety is
still in its infancy. Our goal was to give a detailed (and hopefully accessible)
survey of the computational techniques which allow to explore this new research
area. We illustrated these techniques based on the simplest example by computing
the gravitational corrections to the form factor governing the propagation of a scalar
field minimally coupled to the Einstein-Hilbert action. Structurally, the beta functions
governing the flow of the scalar propagator, (92), already exhibit all the features also
expected in the gravitational sector or more complex gravity-matter systems: the scale-
dependence is encoded in a non-linear integro-differential equation whose solutions may
be found via sophisticated pseudo-spectral methods.
The main result of this analysis is shown in figure 4. The result establishes
that the scalar kinetic term of the gravity-scalar fixed point previously studied in
[12, 24, 82, 83, 100, 106] extends to a complete form factor which is well-defined for all
momenta. Remarkably, the gravitational corrections to the scalar propagator are rather
mild. f∗(p2) essentially follows the classical propagator f∗(p2) ∝ p2 with a slightly slower
increase at asymptotically large momenta.
The analysis of perturbations around this solution shows that, as expected, the
gap parameter of the scalar is a relevant parameter. The scalar anomalous dimension
is negative and takes the value ηs∗ = −0.176. Table 2 compares this value to results
reported in the literature. Since the underlying computations use different choices for
the field decomposition and the implementation of the regulator function [12] or the
closure of the split symmetry [100] one should not expect a matching of the results
beyond the qualitative agreement shown by the table.
The scaling of the scalar propagator in the large momentum regime follows from
the scaling analysis in section 4.3.1 and is given by
lim
p2→∞
Gs∗(p
2) ∝ 1
p2α
, α = 0.949 . (114)
By performing a Fourier transform to position space, this asymptotic behaviour then
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governs the short-distance asymptotics of the scalar two-point correlator. Explicitly,
〈φ(x)φ(y)〉 ' 1|x− y|2∆ , ∆ =
1
2
(d− 2α) = 1.051 . (115)
Notably, this fall-off is compatible with the unitarity bounds on the scaling behaviour
of scalar correlators stating that ∆ ≥ ∆min = 1 [132,133].
An important point, which so far has not been addressed in the literature, is
the relation between the form factors at the fixed point f∗({pi}) and in the quantum
effective action fk=0({pi}). Establishing this connection requires solving the k-dependent
IDE with suitable boundary conditions. In the scalar case analysed in this work this
computation would proceed as follows. The first step constructs the eigenperturbations
associated with the three relevant directions explicitly. Adding perturbations into the
relevant directions then gives different initial conditions for the projected flow equation
imposed at asymptotically large values of k. The latter is then mapped to the couplings
appearing in the quantum effective action Γk=0 by solving the IDE (92), looking for
complete solutions which extend down to k = 0. While this analysis is crucial for
understanding whether the non-Gaussian fixed point is connected to the observed “low-
energy world”, this computation is beyond the scope of the present work.+
An important cross-check along these lines may be provided by the effective field
theory treatment of gravity [136], recently reviewed in [137]. Suppose that instead of
tracing the renormalisation group flow to the deep infrared, k = 0, the solution of the
IDE is constructed up to a finite scale k2 = Λ2 . M2Pl. Provided that the structure of
the effective average action at this scale, Γk=Λ, resembles the Einstein-Hilbert action,
the resulting quantum effective action should resemble the one found in the effective
field theory treatment, at least at the perturbative level.
Clearly, understanding the momentum-dependent form factors associated with the
non-Gaussian fixed points appearing in gravity and gravity-matter systems and the
resulting quantum effective actions constitute formidable computational tasks. Since
form factors may be the key towards unlocking some of the most fundamental questions
in quantum gravity research addressing these challenges may very well be worth the
effort.
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Appendix A. Notation and Conventions
Symmetrisation and anti-symmetrisation are denoted by round and square brackets and
normalised to unit strength,
Hαβ = H(αβ) +H[αβ] . (A.1)
The Euclidean spacetime M has dimension d and carries a Euclidean metric gµν with
signature (+,+, · · ·). All quantities constructed from the background metric g¯µν are
indicated with a bar. The covariant derivative Dµ contains the Christoffel symbol Γ
α
µν ,
DµH
α
β = ∂µH
α
β + Γ
α
µσH
σ
β − ΓσµβHασ . (A.2)
Throughout the work it is assumed that all fields have suitable fall-off properties so
that integration by parts does not generate any surface terms. The Riemann tensor is
defined as
R λµνρ ≡ ∂νΓλµρ − ∂µΓλνρ + ΓσµρΓλνσ − ΓσνρΓλµσ , (A.3)
such that the commutator of two covariant derivatives satisfies
[Dµ , Dν ]Hλ = R
ρ
µνλ Hρ . (A.4)
The Ricci tensor and Ricci scalar are Rµν = R
λ
µλν and R = g
µνRµν . The Weyl tensor
is the traceless part of the Riemann tensor,
Cµνρσ = Rµνρσ − 2
d− 2
(
gµ[ρRσ]ν − gν[ρRσ]µ
)
+
2
(d− 1)(d− 2) Rgµ[ρgσ]ν . (A.5)
The Riemann tensor satisfies the first and second Bianchi identity,
Rµ[νρσ] = 0 , D[αRµν]ρσ = 0 . (A.6)
The latter also implies that
DαRαβµν = 2D[µRν]β , D
νRµν =
1
2
DµR . (A.7)
The (positive definite) Laplacian is denoted by
∆ ≡ −gµνDµDν ≡ −D2 , (A.8)
and we use the symbol  for the Laplacian in flat space,
 ≡ −δµν∂µ∂ν . (A.9)
Action functionals contain strings of fields built out of the fundamental fields
themselves or in form of curvature tensors. The projection of an action to a string
of fields is denoted by the action monomial followed by a vertical line carrying the
string of fields onto which the action is projected as a subscript. For instance, the
projection of the volume term to the string given by one power of the metric fluctuation
is denoted by ∫
ddx
√
g
∣∣∣∣
h
=
1
2
∫
ddx
√
g¯ h . (A.10)
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Derivatives acting on the i-th field in the string carry the number of the field as a
subscript, i.e.,∫
ddx
√
g (∆1∆2∆3)(R1R2R3) =
∫
ddx
√
g(∆R1)(∆R2)(∆R3) . (A.11)
Notably differential operators with different subscripts commute since they are acting
on different fields.
In many cases the computation can be simplified by adopting flat Euclidean space
as background. In this case it is convenient to switch to momentum space and work
with the Fourier-transformed fields,
φ(p) =
∫
ddxφ(x) e−ipx , (A.12)
where we use the same symbol for the fields in position and momentum space. In this
case the form factors depend on the field’s momenta. We adopt the convention that all
momenta are incoming, so that momentum conservation at an n-point vertex implies
n∑
i=1
pi = 0 . (A.13)
Starting from an action functional, the resulting interaction vertices are obtained by
taking suitable variations with respect to the (fluctuation) fields. This automatically
leads to a symmetrisation in the tensor and momentum structures, e.g.
δ
δφ(p4)
δ
δφ(p3)
δ
δhρσ(p2)
δ
δhµν(p1)
hαβ(q1)hγδ(q2)φ(q3)φ(q4)
=
[
1
µν
αβ 1
ρσ
γδ δ(q1 − p1)δ(q2 − p2) + 1 ρσαβ 1 µνγδ δ(q1 − p2)δ(q2 − p1)
]
×[
δ(q3 − p3)δ(q4 − p4) + δ(q3 − p4)δ(q4 − p3)
]
, (A.14)
for the (hhφφ)-vertex. Here, the identity on the space of symmetric d× d matrices is
1αβ
µν ≡ 1
2
(
δµαδ
ν
β + δ
ν
αδ
µ
β
)
(A.15)
and δ(x) is the usual Dirac delta in d dimensions.
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Appendix B. Expansion in metric fluctuations
Constructing solutions of the flow equation requires taking functional derivatives with
respect to the metric fluctuations. The expansions of various basic quantities entering
the computations in this work are listed in Table B1. Notably, the complexity of the
tensor structures entering the computations increases rapidly. The prototypical example
is the vertex ∆Cµνρσ|hh which arises from the form factor (39). It is then economical
to construct the variations of the required invariants using suitable computer algebra
packages like xAct [138] and its extensions [139–142].
Table B1. Expansion of selected covariant objects in terms of metric fluctuations
gµν = g¯µν+hµν at a fixed order in hµν . Indices are raised with g¯
µν and the trace of the
fluctuation field is denoted by h ≡ g¯µνhµν . The last two entries exemplify expansions
that are typical when computing momentum-dependent form factors in a fluctuating
spacetime.
gµν |h = hµν
gµν |h = −hµν
Γλµν |h = 12 g¯λσ
(
D¯µhνσ + D¯νhµσ − D¯σhµν
)
√
g√
g¯
∣∣∣
h
= 12h
Rµν |h = R¯σ(µh σν) + R¯σµνλhσλ + D¯(µD¯|σ|h σν) − 12D¯µD¯νh− 12D¯2hµν
R|h = −R¯µνhµν + D¯αD¯βhαβ − D¯2h
√
g√
g¯
∣∣∣
hh
= 18h
2 − 14hµνhµν
R|hh = R¯αγβδhαβhγδ + hαβD¯2hαβ + hαβD¯αD¯βh− 2hαβD¯βD¯γhαγ
− 14
(
D¯αh
)
D¯αh+
3
4
(
D¯γhαβ
)
D¯γhαβ −
(
D¯αh
αβ
)
D¯γhβγ
− 12
(
D¯αhβγ
)
D¯γhαβ +
(
D¯αh
)
D¯βhαβ
(∆φ)|h =
[
hµνD¯
µD¯ν + (D¯µhµν)D¯
ν − 12 (D¯µh)D¯µ
]
φ
(∆φ)|hh =
[
− h αµ hανD¯µD¯ν − hαβ(D¯βhαµ)D¯µ − h βµ (D¯γhβγ)D¯µ
+ 12h
αβ(D¯µhαβ)D¯
µ + 12h
µν(D¯µh)D¯ν
]
φ
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Appendix C. Varying functions of Laplacians - useful formulas
In this appendix we set up the machinery to expand of functions f(∆) of the Laplacian
to a given order in the fluctuation field hµν . The objective is to retain all covariant
derivatives, which is central for computing the momentum dependence of the form
factors. We start by introducing the concept of multi-commutators and their properties
in Section Appendix C.1 before discussing the expansion of f(∆) in Section Appendix
C.2.
Appendix C.1. Multi-commutators and their combinatorical identities
Let Q, Y,X, Z denote some (differential) operators. The multi-commutator is then
defined recursively as
[X, Y ]l ≡ [X, [X, Y ]l−1] , [X, Y ]0 = Y , l ≥ 0 ∈ N. (C.1)
For l = 1 it reduces to the standard commutator
[X, Y ]1 = [X, Y ] = XY − Y X . (C.2)
The multi-commutator is linear in its second argument,
[X, Y + Z]l = [X, Y ]l + [X,Z]l , (C.3)
and, for a constant parameter s, obeys the scaling relations
[sX, Y ]l = s
l [X, Y ]l , [X, sY ]l = s [X, Y ]l . (C.4)
A multi-commutator containing a product of operators in the second argument can be
expressed as a finite sum
[X, Y Z]m =
m∑
l=0
(
m
l
)
[X, Y ]l [X,Z]m−l . (C.5)
For X = Z = ∆ this entails the useful identity
[∆, Y∆]l = [∆, Y ]l ∆ . (C.6)
The multi-commutator allows to give exact expressions for commuting differential
operators. In particular one can proof by induction that
QmY =
m∑
l=0
(
m
l
)
[Q, Y ]lQ
m−l , (C.7)
and
Y Qm =
m∑
l=0
(
m
l
)
(−1)lQm−l[Q, Y ]l . (C.8)
Finally, we note that when integrated over spacetime, multi-commutators may be
resolved by employing the identity∫
ddx
√
g Y [∆, Z]m X =
∫
ddx
√
g
m∑
l=0
(
m
l
)
(−1)l (∆m−lY )Z (∆lX) , (C.9)
which is again proven by induction.
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Appendix C.2. Expanding functions of the Laplacian in terms of fluctuation fields
We are now in the position to evaluate the expansion of f(∆) in terms of fluctuations
hµν around a fixed background metric g¯µν . In the first step we express f(∆) in terms of
the inverse Laplace transform f˜(s),
f(∆) =
∫ ∞
0
ds f˜(s) e−s∆ , (C.10)
which we always assume to exist. This covers in particular logarithms of the Laplacian
which can be represented as [143],
ln(∆) =
∫ ∞
0
ds
e−s − e−s∆
s
. (C.11)
At this stage, the problem of carrying out the h-expansion simplifies to expanding the
exponential function and subsequently undoing the Laplace transform.
We then note that the Laplacian ∆ = −gµνDµDν admits an expansion
∆ = ∆¯ + d1 + d2 + . . . , (C.12)
where ∆¯ is the Laplacian constructed from the background metric and the expansion
coefficients dm contain m powers of the metric fluctuation hµν . The dm depend on the
tensor structure on which the Laplacian acts. For example, for a scalar φ, we have
d
φ
1 = hµνD¯
µD¯ν + (D¯µhµν)D¯
ν − 1
2
(D¯αh)D¯
α , (C.13)
d
φ
2 = −hµαhανD¯µD¯ν − hαβ(D¯βhαµ)D¯µ − hµβ(D¯γhβγ)D¯µ
+
1
2
hαβ(D¯µhαβ)D¯
µ +
1
2
hµν(D¯µh)D¯ν . (C.14)
The next step substitutes the expansion (C.12) into the exponential and
subsequently expands in the fluctuation field. At this stage we first note the auxiliary
identity
d
d
eX+Y = V (;X, Y ) eX+Y = eX+Y V˜ (;X, Y ) . (C.15)
where
V (;X, Y ) =
∞∑
j=0
1
(j + 1)!
[X + Y, Y ]j , (C.16)
V˜ (;X, Y ) =
∞∑
j=0
(−1)j
(j + 1)!
[X + Y, Y ]j . (C.17)
The expressions for V (;X, Y ) and V˜ (;X, Y ) thereby follow from expanding the
exponential in its Taylor series, taking the derivative with respect to  and a subsequent
reordering of terms employing the identities (C.7) and (C.8). This result can then be
used to construct the expansion of eX+Y in  either bringing the exponential factor to
the left
eX+Y = eX
[
1 + V˜ (0;X, Y ) +
2
2
(
V˜ (0;X, Y )2 + V˜(0;X, Y )
)
+O(3)
]
, (C.18)
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or to the right
eX+Y =
[
1 + V (0;X, Y ) +
2
2
(
V (0;X, Y )2 + V(0;X, Y )
)
+O(3)
]
eX . (C.19)
Here, the subscript  indicates a derivative w.r.t.  before setting  to zero. A
straightforward calculation shows that
V(0;X, Y ) =
∞∑
j=0
∞∑
k=1
1
(k + j + 2)!
[X, [Y, [X, Y ]k]]j , (C.20)
and
V˜(0;X, Y ) =
∞∑
j=0
∞∑
k=1
(−1)k+j+1
(k + j + 2)!
[X, [Y, [X, Y ]k]]j . (C.21)
Replacing the operators X and Y by the background Laplacian ∆¯ and the expansion
coefficients dm then allows to extract the required powers of the fluctuation field from
the exponential e−s∆. We stress that this expansion is exact in the sense that there is
no approximation on the momentum structure, i.e., all derivatives acting on fields are
retained.
We conclude our derivation with a summary of the algorithm described above:
(i) rewrite the function as a Laplace transform,
(ii) calculate the coefficients di defined in (C.12) up to the required order,
(iii) rescale the metric fluctuation hµν by a control parameter ,
(iv) choose whether to sort the exponential of the background Laplacian to the left or
the right of the expansion,
(v) use the corresponding expansion formula and set  to 1 after truncating the series
at the desired order,
(vi) undo the Laplace transform.
Depending on the concrete situation, once the expansion is done one can do the sums
over the multi-commutators using the scaling properties (C.4) together with identities
of the type (C.9) and perform the Laplace transform. If this is not possible, one can
nevertheless handle all the expressions as they are, and perform the sums and the
transform at the very end, after the functional trace has been calculated.
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Appendix D. The four-point vertex Γ(hhφφ)
In this appendix we discuss the general structure of the (hhφφ)-vertex. Most of the
discussion straightforwardly extends to general four-point vertices. We first note that
any four-point form factor has six independent variables, which we take as the squares
of three momenta and the scalar products between them,
f
(hhφφ)
T = f
(hhφφ)
T (p
2
1, p
2
2, p
2
3, y12, y13, y23) . (D.1)
In this,
piµp
µ
j = yij , (D.2)
denotes the scalar product between two different momenta. All other combinations can
be related to these variables by momentum conservation:
p24 = p
2
1 + p
2
2 + p
2
3 + 2y12 + 2y13 + 2y23 , (D.3)
y14 = −p21 − y12 − y13 , (D.4)
y24 = −p22 − y12 − y23 , (D.5)
y34 = −p23 − y13 − y23 . (D.6)
If one wants to resolve any four-point function numerically, it is useful to parameterise
the (cosine of the) angles instead of the full scalar product to get a fixed domain in all
variables.
Note that starting from the four-point function, the covariantisation to curved
space is non-trivial. For the three-point function, no ordering ambiguity exists since the
different Laplacians commute as they act on different objects. Here this is no longer the
case since ∆1 and D1µD
µ
2 , etc., do no longer commute.
Now we have to find an operator basis. There are five different types of tensor
structures, depending on the number of derivatives contracted with the graviton
fluctuations. To write down a basis, we introduce a short hand notation on the basis of
lexicographic ordering of indices. In general, a tensor structure looks like
T αβγδhαβ(p1)hγδ(p2)φ(p3)φ(p4) , (D.7)
where T can consist of either the background metric or derivatives acting on either field.
We will choose the convention that all derivatives acting on φ(p4) will be integrated by
parts. Then, there are the following 59 form factors. First, those where T only contains
the metric:
T αβγδ = 1
2
(
g¯αγ g¯βδ + g¯αδg¯βγ
) ↔ f (hhφφ)(1) ,
T αβγδ = 1
d
g¯αβ g¯γδ ↔ f (hhφφ)(g¯g¯) . (D.8)
There are three different types of structures with one metric and two derivatives in T .
Using lexicographic ordering, we denote the six functions of type 1 by
T αβγδ = g¯αβ∂γi ∂δj ↔ f (hhφφ)(g¯ ij) , (D.9)
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where i ∈ {1, 2, 3} and j ∈ {1, 2, 3}, j ≥ i, indicate which field the derivatives acts upon.
For example, the expression (g¯13) denotes the term
f
(hhφφ)
(g¯13) (p
2
1, p
2
2, p
2
3, y12, y13, y23)(∂
γh(p1))hγδ(p2)(∂
δφ(p3))φ(p4) . (D.10)
In general independent of this (except for exceptional momentum configurations) are
the six terms
T αβγδ = g¯γδ∂αi ∂βj ↔ f (hhφφ)(ij g¯) , (D.11)
with the same set of possibilities for i and j as above. The third type is
T αβγδ = g¯βδ∂αi ∂γj ↔ f (hhφφ)(i g¯ j) , (D.12)
where both i and j are in {1, 2, 3}, giving rise to nine combinations. Finally, there are
36 terms without metrics,
T αβγδ = ∂αi ∂βj ∂γk∂δl ↔ f (hhφφ)(ijkl) , (D.13)
where again due to symmetry reasons, i ≤ j and k ≤ l.
Performing a Fourier transform and using (A.14), we have
Γ(hhφφ)µνρσ(p1, p2, p3, p4)
=
∫
q1···q4
∑
T
T αβγδf (hhφφ)T (q21, q22, q23, q1µqµ2 , q1µqµ3 , q2µqµ3 )×[
δ(q3 − p3)δ(q4 − p4) + δ(q3 − p4)δ(q4 − p3)
]
× (D.14)[
1αβ
µν
1γδ
ρσδ(q1 − p1)δ(q2 − p2) + 1αβρσ1γδµνδ(q1 − p2)δ(q2 − p1)
]
.
It is understood that all occurrences of p4 are replaced by −p1 − p2 − p3.
For the derivation of the flow equation for the kinetic term of the scalar field,
we need to derive these 59 form factors from our single-metric ansatz. To lighten the
notation, in the following we will suppress the superscript (φφ) on f . The expansion of
our ansatz in metric fluctuations reads
1
2
∫
ddx
√
g φf(∆)φ =
1
2
∫
ddx
∫ ∞
0
ds f˜(s)
√
g φe−s∆φ
' 1
2
∫
ddx
∫ ∞
0
ds f˜(s)
√
g¯
[
1 +
1
2
h+
1
8
h2 − 1
4
hµνh
µν
]
× (D.15)
φ
[
1 + V (0;−s∆¯,−sd1 − sd2) + 1
2
(
V (0;−s∆¯,−sd1)2 + V(0;−s∆¯,−sd1)
)]
e−s∆¯φ .
We split the contributions to the four-point function into pieces:
• 1
8
∫
ddx
√
g¯
[
1
2
h2 − hµνhµν
]
φf(∆¯)φ , (D.16)
• 1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)hφ
∑
j≥0
1
(j + 1)!
[−s∆¯,−sd1]j e−s∆¯φ , (D.17)
• 1
2
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
1
(j + 1)!
[−s∆¯,−sd2]j e−s∆¯φ , (D.18)
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• 1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
1
(j + 1)!
[−s∆¯,−sd1]j ×∑
l≥0
1
(l + 1)!
[−s∆¯,−sd1]l e−s∆¯φ , (D.19)
• 1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
∑
k≥1
1
(j + k + 2)!
×
[−s∆¯, [−sd1, [−s∆¯,−sd1]k]]j e−s∆¯φ . (D.20)
The di are the ones obtained from the scalar Laplacian. We calculate the general vertex
functions in the basis as above. The first term gives contributions
1
16
f(p23)
+7−→ f (hhφφ)(g¯g¯) ,
−1
8
f(p23)
+7−→ f (hhφφ)(1) . (D.21)
Here and in the following, the sign
+7−→ signals that the term on the left contributes to
the form factor(s) on the right. For the second term we calculate
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)hφ
∑
j≥0
(−s)j+1
(j + 1)!
[
∆¯,d1
]
j
e−s∆¯φ
=
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)hφ
∑
j≥0
(−s)j+1
(j + 1)!
(p21 + 2y13)
j
d1e
−sp23φ
=
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)
∑
j≥0
(−s)j+1
(j + 1)!
(p21 + 2y13)
je−sp
2
3 ×[
∂α3 ∂
β
3 + ∂
α
1 ∂
β
3 +
1
2
g¯αβy13
]
hαβhφφ . (D.22)
Here we chose the momentum of the h in the d1 as p1 and that of the φ to the right
as p3. Such a choice is not a problem since the variation of the vertex gives the correct
symmetrisation automatically. For non-exceptional momenta (which is the case for our
tadpole diagram), we can further do the sum, thus the contribution of this term is
1
4
f(p21 + 2y13 + p
2
3)− f(p23)
p21 + 2y13
+7−→ f (hhφφ)(33g¯) , f (hhφφ)(13g¯) ,
1
8
y13
f(p21 + 2y13 + p
2
3)− f(p23)
p21 + 2y13
+7−→ f (hhφφ)(g¯g¯) . (D.23)
For the exceptional momentum configuration p21 + 2y13 = 0, the finite difference goes
over to a derivative,
lim
p21+2y13→0
f(p21 + 2y13 + p
2
3)− f(p23)
p21 + 2y13
= f ′(p23) , (D.24)
which can also directly be verified from the sum representation above, where all terms
with j > 0 vanish, and the Laplace transform can be carried out trivially. As a general
strategy we propose to insert the sum representation which involves the inverse Laplace
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transform of f as above into any given diagram, and only do the sum and back-
transform afterwards. This correctly accounts for potentially exceptional momentum
configurations.
We continue with the next term,
1
2
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
(−s)j+1
(j + 1)!
[
∆¯,d2
]
j
e−s∆¯φ
=
1
2
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
(−s)j+1
(j + 1)!
(p21 + p
2
2 + 2y12 + 2y13 + 2y23)
j
d2e
−sp23φ . (D.25)
For this we need
φd2φ =
[
− g¯βδ∂α3 ∂γ3 − g¯βδ∂α3 ∂γ1 − g¯βδ∂α1 ∂γ3 −
1
2
y13g¯
αγ g¯βδ +
1
2
g¯γδ∂α2 ∂
β
3
]
hαβhγδφφ . (D.26)
In the tadpole diagram this contribution enters with exceptional momenta, we thus
follow the strategy advertised above. Denoting
Z =
1
2
∫ ∞
0
ds f˜(s)
∑
j≥0
(−s)j+1
(j + 1)!
(p21 + p
2
2 + 2y12 + 2y13 + 2y23)
je−sp
2
3 , (D.27)
the contributions are
−Z +7−→ f (hhφφ)(3g¯3) , f (hhφφ)(3g¯1) , f (hhφφ)(1g¯3) ,
−1
2
y13Z
+7−→ f (hhφφ)(1) ,
1
2
Z
+7−→ f (hhφφ)(23g¯) . (D.28)
For the fourth term,
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
1
(j + 1)!
[−s∆¯,−sd1]j∑
l≥0
1
(l + 1)!
[−s∆¯,−sd1]l e−s∆¯φ
=
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
∑
l≥0
(−s)j+l+2
(j + 1)!(l + 1)!
×
(p22 + 2y12 + 2y23)
j(p21 + 2y13)
le−sp
2
3 d
2
1φ , (D.29)
and the last term,
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
∑
k≥1
1
(j + k + 2)!
[−s∆¯, [−sd1, [−s∆¯,−sd1]k]]j e−s∆¯φ
=
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
∑
k≥1
(−s)j+k+2
(j + k + 2)!
(p21 + p
2
2 + 2y12 + 2y13 + 2y23)
je−sp
2
3 ×(
d1
[
∆¯,d1
]
k
− [∆¯,d1]k d1)φ
=
1
4
∫
ddx
√
g¯
∫ ∞
0
ds f˜(s)φ
∑
j≥0
∑
k≥1
(−s)j+k+2
(j + k + 2)!
(p21 + p
2
2 + 2y12 + 2y13 + 2y23)
je−sp
2
3 ×(
(p21 + 2y13)
k − (p21 + 2y12 + 2y13)k
)
d
2
1φ . (D.30)
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In both cases we thus need
φd21φ = φd1
[
∂α3 ∂
β
3 + ∂
α
1 ∂
β
3 +
1
2
g¯αβy13
]
hαβφ
=
[
(∂γ1 + ∂
γ
3 )(∂
δ
1 + ∂
δ
3) + ∂
γ
2 (∂
δ
1 + ∂
δ
3) +
1
2
g¯γδ(y12 + y23)
]
×[
∂α3 ∂
β
3 + ∂
α
1 ∂
β
3 +
1
2
g¯αβy13
]
hαβhγδφφ
=
[
(3311) + (1311) +
1
2
y13(g¯11) + 2(3313) + 2(1313) + y13(g¯13) + (3333)
+ (1333) +
1
2
y13(g¯33) + (3312) + (1312) +
1
2
y13(g¯12)
+ (3323) + (1323) +
1
2
y13(g¯23) +
1
2
(y12 + y23)(33g¯)
+
1
2
(y12 + y23)(13g¯) +
1
4
y13(y12 + y23)(g¯g¯)
]
hαβhγδφφ . (D.31)
With the shorthand
X =
1
4
∫ ∞
0
ds f˜(s)
∑
j≥0
∑
l≥0
(−s)j+l+2
(j + 1)!(l + 1)!
(p22 + 2y12 + 2y23)
j(p21 + 2y13)
le−sp
2
3
+
1
4
∫ ∞
0
ds f˜(s)
∑
j≥0
∑
k≥1
(−s)j+k+2
(j + k + 2)!
(p21 + p
2
2 + 2y12 + 2y13 + 2y23)
je−sp
2
3 ×(
(p21 + 2y13)
k − (p21 + 2y12 + 2y13)k
)
, (D.32)
we have the final contributions
X
+7−→ f (hhφφ)(3311) , f (hhφφ)(1311) , f (hhφφ)(3333) , f (hhφφ)(1333) , f (hhφφ)(3312) , f (hhφφ)(1312) , f (hhφφ)(3323) , f (hhφφ)(1323) ,
2X
+7−→ f (hhφφ)(3313) , f (hhφφ)(1313) ,
1
2
y13X
+7−→ f (hhφφ)(g¯11) , f (hhφφ)(g¯33) , f (hhφφ)(g¯12) , f (hhφφ)(g¯23) ,
y13X
+7−→ f (hhφφ)(g¯13) ,
1
2
(y12 + y23)X
+7−→ f (hhφφ)(33g¯) , f (hhφφ)(13g¯) ,
1
4
y13(y12 + y23)X
+7−→ f (hhφφ)(g¯g¯) . (D.33)
We can now compile the full list of all form factors that do not vanish in our ansatz:
f
(hhφφ)
(1) = −
1
8
f(p23)−
1
2
y13Z , (D.34)
f
(hhφφ)
(g¯g¯) =
1
16
f(p23) +
1
8
y13
f(p21 + 2y13 + p
2
3)− f(p23)
p21 + 2y13
+
1
4
y13(y12 + y23)X , (D.35)
f
(hhφφ)
(g¯11) = f
(hhφφ)
(g¯12) = f
(hhφφ)
(g¯23) = f
(hhφφ)
(g¯33) =
1
2
y13X , (D.36)
f
(hhφφ)
(g¯13) = y13X , (D.37)
f
(hhφφ)
(13g¯) = f
(hhφφ)
(33g¯) =
1
4
f(p21 + 2y13 + p
2
3)− f(p23)
p21 + 2y13
+
1
2
(y12 + y23)X , (D.38)
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f
(hhφφ)
(23g¯) =
1
2
Z , (D.39)
f
(hhφφ)
(1g¯3) = f
(hhφφ)
(3g¯1) = f
(hhφφ)
(3g¯3) = −Z , (D.40)
f
(hhφφ)
(1311) = f
(hhφφ)
(1312) = f
(hhφφ)
(1323) = f
(hhφφ)
(1333) = f
(hhφφ)
(3311) = f
(hhφφ)
(3312) = f
(hhφφ)
(3323) = f
(hhφφ)
(3333) = X, (D.41)
f
(hhφφ)
(1313) = f
(hhφφ)
(3313) = 2X . (D.42)
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